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Abstract
In this paper we provide an interval of existence of negative critical mortality rate parameters A and α in Gompertz survival
model, in the absence of age specific mortality data.
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1. Introduction
Multispecies mortality models of lifespan have been discussed since the classic Gompertz paper (Gompertz,
1825) [1] and more recently in Finch (1990) [2]. Most mortality model formulations are known to be problematic
at advanced ages (Witten, 1988 [3]; Carey et al., 1992 [4]; Vaupel, 1997 [5]; and Witten and Eakin, 1997 [6]). Until
recently, it was impossible to determine whether this exponential rise continued into advanced ages (Carey et al.,
1992 [4]) [5].
Beyond 30 years of age, although some would argue that post-pubescent ages are more accurate (Finch, Pike and
Witten, 1990 [7]; Witten and Eakin, 1997 [6]), the mortality rate for human populations can be approximated by the
classic Gompertz exponential function
m(t) = Aeαt , (1)
where the positive parameter A is the age-independent hazard rate coefficient and the positive parameter α is the
age-dependent mortality rate coefficient (Finch et al., 1990 [7], Witten, 1989 [8], Eakin and Witten, 1995 [9]). The
corresponding Gompertz survival function can be obtained by integrating the mortality rate function Eq. (1);
S(t) = e Aα (1−eαt ). (2)
On the basis of the Gompertz mortality rate model, one may estimate the MRD (Finch et al., 1990) [7] from the
maximum lifespan and the overall population mortality rate. By setting S(tm) = 1N (the population contains only
∗ Corresponding author.
E-mail address: mkumanimaths@rediffmail.com (M. Pitchaimani).
0898-1221/$ - see front matter c© 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2007.06.006
E.S. Lakshminarayanan, M. Pitchaimani / Computers and Mathematics with Applications 55 (2008) 1686–1692 1687
one member left from an original population size N ), we obtain the following equation for tm (the time at which the
population has only one member and which approximates the maximum lifespan t∗m).
t∗m ∼ tm =
ln(1+ α ln(N )/A)
α
. (3)
The average mortality rate of a steady-state population subject to age specific mortality rate of Eq. (1) is [7]
Aav = 1/
∫ ∞
0
S(t)dt. (4)
Rearranging Eq. (3) gives
A
α
= ln N
eαtm − 1 . (5)
A simple substitution of Eq. (5) into the integral in Eq. (4) gives [10]
α = Aave
ln N
eαtm−1
∫ ∞
ln N
eαtm−1
e−z
z
dz. (6)
Finch et al. (1990) [7], Witten and Satzer (1992) [11], and Lakshminarayanan and Pitchaimani (2003) [10] have
solved Eqs. (4) and (5) numerically for A and α, for a given Aav, tm and N . MRDs were calculated for a range of N ,
because population sizes are unknown. With the Gompertz model MRD depends only on α. Solving Eq. (1) for MRD
gives [7],
MRD = ln 2
α
. (7)
Solution sensitivity, particularly to sample size of the aforementioned numerical methods is discussed in Witten and
Satzer (1992) [11], as well as in Shouman and Witten (1995) [12] and Eakin et al. (1995) [9].
2. Estimation of parameters
It is well known that among most mammals, mortality rates are generally lowest at puberty and then accelerate
at a constant rate during the major phase of adult life. When examined from puberty onwards, the mortality rate
accelerations during adult aging fit the Gompertz model, at least up through the average life span (Finch, 1990 [7],
Comfort, 1979 [13]). However, extensive deviations from the Gompertz model were recently documented, in which
mortality rate accelerations slow markedly by the average life span, e.g., in laboratory populations of fruit flies
(Curtsinger et al., 1992 [14], Fukui et al., 1993 [15]), medflies (Carey et al., 1992 [4]), beetles (Tatar et al., 1993 [16]),
and nematodes (Brooks et al., 1994 [17]). In human populations, according to published studies (Witten, 1988 [3]),
the acceleration of mortality rate slows after 85 years. After 105 years, the mortality rate appears to cease increasing
and may even decrease at these extremely advanced ages. Decreasing mortality at advanced ages is described in detail
for flies (Curtsinger et al., 1992 [14], Fukui et al., 1993 [15], Carey et al., 1992 [4]). Current evidence indicates that
human mortality rates at ages above 85 are less than that predicted by the Gompertz law. In extreme old age, mortality
rates may level off or even decline (Barrett, 1985 [18], Riggs and Millecchia, 1992 [19]) [20].
There is an additional evidence for the exponential decay at higher age. Quite recently Wang and co-workers
disclosed an elegant experiment for the senescence accelerated mouse (SAM), showing that the mouse mortality
function also approaches a constant value at higher age (Wang et al., 1998 [21]). All the evidences accumulated so
far suggest strongly that the exponential decay of populations at higher age is a general theorem (Suematsu et al.,
1999 [22]).
As an extension of our earlier work [23,24], in this paper we provide an estimation of critical negative Gompertz
parameter. That is, assuming that there is a mortality rate change in the population such that α < 0, we provide an
estimate of that α value at which the change occurs. Our estimation is valid for the age (critical) or, the population
(critical) at which mortality rate decreasing.
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3. Existence of negative critical Gompertz parameter
Recall that the age at which the mortality rate, Aeαt of initial population N has ceased increasing or, equivalently,
it tends to a constant, is called a critical age, tc [24]. The remaining population left from an original population size
N surviving at this critical age is called critical population, Nc, and the corresponding Gompertz parameter in Aeαt is
called critical Gompertz parameter, αc.
Since the partials of α with respect to N and tm become zero at A = Aav, and using (5), we get
Aavtm
ln N
= αtm
eαtm − 1 . (8)
From (8) it follows that
Aavtm
ln N
< 1 if α > 0= 1 if α = 0
> 1 if α < 0.
(9)
The point Aavtmln N = 1 at which α changes sign is said to be the critical point of α.
From our earlier work [24], we know that, for a given Aav, tm, and N with
Aavtm
ln N < 1
tc = tm and Nc = eAavtc . (10)
On the contrary, when Aavtmln N > 1
tc = ln NAav , Nc = e
Aavtc and tc 6= tm . (11)
Note that tc ≤ tm for any given Aav, tm and N . We also know that [24], the asymptotic solution α of (6) is a continuous
function in the variables Aav, tm and N from puberty through critical life span (or, N ≥ Nc). What happens to solution
α when N ≤ Nc (below the critical population)? As we have already equated tm with tc when Aavtmln N < 1, what then
is the actual (species) maximum life span, t∗m? Such t∗m > tm exists, since the critical population Nc has not yet
diminished to one survivor. How can we determine this t∗m? This in turn, leads us to consider negative Gompertz
parameter, since Aavtmln N ≥ 1 for N ≤ Nc.
To determine the negative Gompertz parameter consider (10) with N ≤ Nc and (11) with tc ≥ ln NAav . Upon
substitution N = Nc into (6), we get
αc = Aave
ln Nc
eαctc−1
∫ ∞
ln Nc
eαctc−1
e−z
z
dz, (12)
where tc = tm when Aavtmln N < 1 and tc = ln NAav when Aavtmln N > 1.
Eq. (12) gives
αctc ≤ Aavtcln Nc (e
αctc − 1).
The above inequality ensures the existence of solution αc, provided
Aavtc
ln Nc
= 1. As a consequence, we get
αctc ≤ eαctc − 1. (13)
A close observation of the inequality (13) reveals that any αc ≤ 0 also satisfies it (see Fig. 1) . This result, in fact,
motivates us to consider the negative critical Gompertz parameter.
On the other hand, in the neighbourhood of the critical point ( Aavtcln Nc = 1), it is necessary that Aavtmln N > 1 if α < 0
from (9). Hence
−αctc ≤ e−αctc − 1 (14)
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Fig. 1. Straight line: y = x (vertical axis y). Curve: y = ex − 1.
is valid for N = Nc, provided Aavtmln N > 1. Clearly, Aavtmln N > 1 holds when tc > ln NAav in (11). In case of (10), Aavtcln N > 1
if N < Nc and this gives tc > ln NAav = tc ln Ncln N . We designate t∗m = tc ln Ncln N as the actual maximum life span. Since t∗m
becomes very large numerically as N → 1, we can choose any finite value greater than tc as t∗m . Fortunately, we shall
not use the numerical value of t∗m in our sequel.
Numerical experiments show that the transition from αc to−αc is extremely slow. The graphical illustration should
enhance the understanding of this idea (see Fig. 1). Further, it follows from (5) that as α → 0 at N = Nc, A → Aav,
since A = ln Nctc = Aav.
As αc changes sign, from (5) we obtain A−αc = ln Nce−αctc−1 , which gives
A = αctc
1− e−αctc
ln Nc
tc
≥ ln Nc
tc
.
Thus,
A ≥ ln Nc
tc
.
3.1. Gompertz survival function
In the neighbourhood of the critical point Aavtcln Nc = 1, in view of (13) and (14) the survival function (2) takes the
form
S(t) =
{
e
A
α
(1−eαt ) if t ≤ tc(N ≥ Nc)
e−
A
α
(1−e−αt ) if t ≥ tc(N ≤ Nc).
(15)
Lemma. S(t) is continuous at t = tc.
Proof. Indeed,
lim
t→tc−0
S(t) = e Acαc (1−eαctc )
= e ln Nceαctc−1 (1−eαctc )
= e ln Nce−αctc−1 (1−e−αctc )
= e− Acαc (1−e−αctc )
= lim
t→tc+0
S(t).
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Next, from (15) the mortality rate function becomes
m(t) =
{
Aeαt if t ≤ tc(N ≥ Nc)
Ae−αt if t ≥ tc(N ≤ Nc). (16)
Note that m(t) is continuous at t = tc provided αc → 0.
Now we prove that the mortality rate function m(t), exactly describes the CLOV experiment results with medflies.
The CLOV report suggests that at higher age beyond 80 days (tc), the function m(t) tends to fluctuate; it rises first to
dm(t)
dt ≥ 0, then declines to dm(t)dt ≤ 0 [22].
As we cannot obtain the fluctuating term by considering the classical derivative dm(t)dt , we take the generalized
derivative m′(t) to get
m′(t) = Aαeαt − Aαe−αt + [(Ae−αt ) /t=tc+0−(Aeαt ) /t=tc−0]δ(t − tc), (17)
where δ(x) is the Dirac function.
The first and second terms on right-hand side (17) indicate dm(t)dt ≥ 0 and dm(t)dt ≤ 0 respectively. The amount of
the fluctuation is given by
[(Ae−αt ) /t=tc+0−(Aeαt ) /t=tc−0] 6= 0
and it is zero only if αc = 0. Thus the present theory provides a satisfactory explanation on CLOV experiments.
Now we extend the formula (12) to −αc for N = Nc when given Aav, tm and N satisfy (10) with N ≤ Nc and (11)
with tc ≥ ln NAav .
Upon substitution αc = −αc into (12) we get
−αc = Aave−
ln Nc
1−e−αctc
∫ 0
− ln Nc
1−e−αctc
e−z
z
dz. (18)
As such the above integral is unbounded. The unboundedness results from the substitution tc = ∞ or N = 1 with
N ≤ Nc into (12), when αc < 0. But inequality (14) implies the existence of −αc.
To overcome this situation, we need to introduce limit age, tlim of the critical population Nc.
Following Suematsu [22], the limit age can be defined as an age where the final member of the critical population Nc
disappears. Stating mathematically,
S(tlim) = e− Aα (1−e−αtlim ) ≤ 1N .
Clearly, if the population Nc at an age t ≥ tc is less than unity, all the members under discussion must, in the statistical
mean, vanish. Hence, the limit age can be identified with the minimum age, tlim, that satisfies S(tlim) ≤ 1N .
Taking into account the above arguments, substitute N = 0 (N ≤ Nc) into the upper limit of (12) when αc < 0 to get
−αc = Aave−
ln Nc
1−e−αctc
∫ ∞
− ln Nc
1−e−αctc
e−z
z
dz
= −Aave−
ln Nc
1−e−αctc Ei
(
ln Nc
1− e−αctc
)
, (19)
where Ei(x) = − limη→+0
[∫ −η
−x
e−z
z dz +
∫∞
η
e−z
z dz
]
[x > 0].
Clearly, (19) satisfies inequality (14). We could not obtain (14) directly from (19), since the integrand is unbounded
at z = 0.
From Eq. (19), on account of 8.214. 2 in [25], we get
−αc = −Aave−
ln Nc
1−e−αctc Ei
(
ln Nc
1− e−αctc
)
= −Aave−x
[
C + ln x +
∞∑
k=1
xk
kk!
]
.
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where C = 0.577215, Euler’s constant and x = ln Nc1−e−αctc .
Next, we shall obtain a greatest lower bound for −αc. From the above equation, we get
−αc ≥ −Aave−x [C + ln x + ex − 1],
since
∞∑
k=1
xk
kk! <
∞∑
k=1
xk
k! <
∞∑
k=0
xk
k! = e
x − 1.
Further,
−αc ≥ −Aave−x [C + ln x] − Aav[1− e−x ]
≥ −Aav e−x [C + ln x] − Aav
≥ −Aav [C + 1] − Aavmax(ln xe−x )
= −Aav[C + 1] − 0.097 Aav (0.097 = max(ln xe−x ))
= −Aav[1.097+ C].
On the other hand, from the inequality (14) we get
−αc ≤ e−αctc − 1.
Combining, finally we obtain the following result
−Aavtc[1.097+ C] ≤ −αctc ≤ e−αctc − 1.
Summing up, we conclude that
Theorem. For every fixed Aav, tm and N satisfying either (10) with N ≤ Nc or (11) with tc ≥ ln NAav , let I be the
interval defined by
I = [−Aav(1.097+ C), 0)
where C = 0.577215, Euler’s constant.
Table 1
Negative critical Gompertz parameter
Aav/year −αc ≥ αc
Pipepestrell bat
0.36 −0.602 0.244
European robin
0.62 −1.038 0.253
Lapwing
0.34 −0.569 0.177
Starling
0.52 −0.870 0.163
Common swift
0.18 −0.301 0.127
Herring gull
0.34 −0.569 0.180
Human
0.015 −0.025 0.024
Mouse
0.74 −1.239 0.888
Rat
0.64 −1.072 0.845
Japanese quail
0.35 −0.586 0.295
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Suppose there exists a unique solution of (19) in I . Then it is necessary that Aavtcln Nc = 1. Moreover, the following
estimation is true
−αc ≥ −Aav[1.097+ C].
Remark. We listed in Table 1 the numerical values of −αc for a comparison with that of positive αc for N = Nc.
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